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We consider a continuous-variable quantum teleportation protocol between a uniformly accelerated sender in
the right Rindler wedge, a conformal receiver restricted to the future light cone, and an inertial observer in the
Minkowski vacuum. Using a nonperturbative quantum circuit model, the accelerated observer interacts unitarily
with the Rindler modes of the field, thereby accessing entanglement of the vacuum as a resource. We find that a
Rindler-displaced Minkowski vacuum state prepared and teleported by the accelerated observer appears mixed
according to the inertial observer, despite a reduction of the quadrature variances below classical limits. This
is a surprising result, since the same state transmitted directly from the accelerated observer appears as a pure
coherent state to the inertial observer. The decoherence of the state is caused by an interplay of opposing effects
as the acceleration increases: the reduction of vacuum noise in the output state for a stronger entanglement
resource, constrained by the amplification of thermal noise due to the presence of Unruh radiation.
I. INTRODUCTION
Entanglement is a fundamental property of the vacuum
state of relativistic quantum field theory. It arises when space-
time is partitioned into distinct regions and appears between
the resulting subsystems [1]. For example, in flat Minkowski
spacetime, the vacuum state can be expressed as an entangled
state between the complete sets of modes spanning the left
and right Rindler wedges. This gives rise to the Unruh ef-
fect, which predicts that a uniformly accelerated detector sees
a thermal bath of particles. Since the detector is confined to
the right Rindler wedge, the unobserved Rindler modes in the
left wedge are traced out, yielding a thermalised vacuum state
[2–5].
The extraction of this underlying vacuum entanglement has
been well studied in the literature. The seminal work of
Reznik et al. [6] established the field of entanglement harvest-
ing, which considers the swapping of vacuum entanglement
onto bi-partite quantum systems, such as Unruh-deWitt de-
tectors, through local interactions. Such harvesting protocols
have been applied to spacelike [7] and timelike [8, 9] sepa-
rated detectors, as well as situations involving uniform accel-
erations [10], black holes [11, 12] and expanding universes
[13–16].
A natural question to consider is whether the intrinsic en-
tanglement of spacetime can be utilised as an information-
theoretic and physical resource for quantum communication
protocols. Previous work by Ralph et al. uses observers cou-
pling to the vacuum-entangled modes of a massless scalar
field (by operating detectors whose time-dependent energy
scaling imitates a uniformly accelerated observer interacting
with the Rindler modes [8, 9, 17]) to implement a quantum
key distribution protocol, whilst Reznik has offered proof-of-
principle proposals for dense coding and quantum teleporta-
tion protocols through vacuum entanglement swapped onto
pairs of stationary, spacelike-separated atoms [18]. In [19],
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the authors employ two Unruh-deWitt detectors in relative in-
ertial motion that interact perturbatively with the field to ex-
tract entanglement and perform better-than-classical telepor-
tation.
The focus of this paper is also vacuum entanglement-
enabled quantum teleportation, however here, we adopt a non-
perturbative, continuous-variable approach, formulated with
observers in relativistic, non-inertial reference frames. Whilst
teleportation protocols with accelerated partners have been
previously studied [20–23], they generally feature qubit de-
grees of freedom (Bell state measurements and two-level de-
tectors) and a pre-existent entanglement resource (such as en-
tangling photon cavities) which is distributed between the ob-
servers. The main results from those papers is that the Unruh
radiation perceived by the accelerated observer typically leads
to the degradation of the fidelity of the protocol.
Here, we consider a continuous-variable teleportation pro-
tocol in which Rob, who uniformly accelerates in the right
Rindler wedge, uses the entanglement of the quantum vac-
uum to teleport unknown Rindler-displaced Minkowski vacua
(displaced thermal states) to a stationary ‘conformal receiver’,
Charlie (who resides in the same reference frame as Rob,
by virtue of being restricted to the future light-cone of
Minkowski spacetime), who then directly transmits the tele-
ported state to Alice, an inertial observer in the Minkowski
vacuum. We employ the nonperturbative quantum circuit
model developed in [24, 25] to describe the evolution of the
initial state between the observers. Our main result indicates
that although performance beyond the classical channel limit
is possible, the limit of high entanglement does not lead to
ideal, continuous-variable teleportation in this scenario.
This paper is organised as follows: in Sec. II, we review the
continuous-variable teleportation protocol which we will im-
plement in the reference frame of the uniformly accelerated
observer. In Sec. III, we discuss the notion of vacuum en-
tanglement between independent regions of spacetime, before
reviewing the quantum circuit model and the self-homodyne
detection technique for the inertial observer in Sec. IV. In Sec.
V, we present analytic results for the purity of output states ac-
cording to the inertial Minkowski observer. We conclude with
some final remarks and opportunities for further research.
ar
X
iv
:2
00
1.
03
38
7v
3 
 [q
ua
nt-
ph
]  
31
 M
ay
 20
20
2II. CONTINUOUS-VARIABLE TELEPORTATION
BETWEEN INERTIAL OBSERVERS
Quantum teleportation describes the transfer of an unknown
quantum state ρˆin between distant observers using a classical
channel and a preexisting entanglement resource [26]. Whilst
originally formulated using entangled Bell pairs as the re-
source, a continuous-variable version of the protocol was first
introduced by Vaidman in [27] and then by Braunstein and
Kimble in [28]. We follow the all-optical approach in [29],
where the classical channel is enacted via the direct transmis-
sion of a classical field wherein the conjugate quadrature op-
erators of the field are largely amplified above the quantum
noise limit (QNL). The quantum channel involves the distribu-
tion of an entangled bi-partite system between the observers.
By performing appropriate local operations on their entangled
system, the receiver can retrieve an arbitrarily good version
of the initial state ρˆin without any quantum information being
directly transmitted. For our purposes, the utility of this ap-
proach is that the evolution of field modes can be modeled as
unitary operations.
Consider the diagram shown in Fig. 1. A pair of EPR-
FIG. 1. The all-optical teleportation protocol between inertial ob-
servers. Bob prepares an unknown state in the mode aˆin and mixes
it at a linear optical amplifier (modeled by a two-mode squeezing
unitary) with one half of an EPR-entangled field mode, aˆi. The am-
plification of the input state generates an effective classical channel
between Rob and Charlie, who combines aˆch. with the other half of
the EPR pair at a beam splitter. If Charlie selects η appropriately,
Alice can receive a perfect reconstruction of aˆin, in the limit of high
entanglement.
entangled field modes is distributed between two distant ob-
servers, Rob and Charlie. Rob, operating a linear optical am-
plifier, mixes the input mode aˆin with the entangled vacuum
mode aˆi and transmits the output field aˆch. to Charlie. For
a sufficiently large gain G, the conjugate quadrature opera-
tors Xˆ+ch., Xˆ
−
ch. have uncertainties much larger than the quan-
tum limit of unity. Hence, the quantum noise introduced by a
joint measurement of Xˆ+ch., Xˆ
−
ch. is negligible compared to the
already amplified quadrature amplitudes, allowing for the des-
ignation of aˆch. as a classical field [29]. Charlie receives aˆch.
and mixes it at a beam splitter with the other half of the en-
tanglement resource, aˆ j. By attenuating aˆch. by 1/G and then
considering the limit of perfect entanglement between the vac-
uum modes aˆi and aˆ j, Charlie is able to retrieve the input mode
aˆin.
To illustrate this mathematically, consider the evolution of
the bosonic operator aˆin through the teleportation protocol,
given in the Heisenberg picture by
aˆout = Sˆ
†
2(r)Uˆ
†
BS(η)aˆinUˆBS(η)Sˆ2(r) (1)
where
Sˆ2(r) = exp
[
ξ ?aˆiaˆin−ξ aˆ†inaˆ†i
]
(2)
UˆBS(η) = exp
[
iθ
(
eiφ aˆ†inaˆ j + e
−iφ aˆinaˆ†j
)]
. (3)
Sˆ2(r) is a unitary two-mode squeezing operator with ampli-
tude ξ = reiα , describing the linear amplification of aˆin mixed
with aˆi, whilst UˆBS(η) represents the beam splitter interaction
performed by Charlie. Recalling that in the Heisenberg pic-
ture, operators act on the modes in reversed temporal order,
we have
aˆout = Sˆ
†
2(r)
(√
η aˆin−
√
1−η aˆ j
)
Sˆ2(r) (4)
=
√
η Sˆ†2(r)aˆinSˆ2(r)−
√
1−η aˆ j, (5)
where we have used the substitution η = cos2 θ . Now,
Sˆ†2(r)aˆinSˆ2(r) imitates the linear amplification of the field
quadratures of aˆin mixed with aˆi for r 1, acting as the clas-
sical channel between Rob and Charlie,
aˆout =
√
η coshraˆin+
√
η sinhraˆ†i︸ ︷︷ ︸
aˆch.
−
√
1−η aˆ j. (6)
It can also be regarded as a joint, continuous-variable mea-
surement of the quadrature operators for aˆin and aˆi. Then,
by taking the attenuation of Charlie’s beam splitter to be
η = (coshr)−2, aˆout reduces to
aˆout = aˆin+ aˆ
†
i tanhr− aˆ j
√
1− (coshr)−2. (7)
In the limit r 1, Eq. (7) becomes
aˆout ' aˆin+ aˆ†i − aˆ j, (8)
implying that the output state is polluted by two additional
QNL from aˆi, aˆ j. Recall however that aˆi and aˆ j are highly cor-
related via two-mode squeezing of the vacuum state, related
by
aˆi = Sˆ
†
2(rω)vˆ1Sˆ2(rω) = vˆ1 coshrω + vˆ
†
2 sinhrω (9)
aˆ j = Sˆ
†
2(rω)vˆ2Sˆ2(rω) = vˆ2 coshrω + vˆ
†
1 sinhrω , (10)
3where rω is the squeezing amplitude. Expressing aˆ
†
i and aˆ j in
terms of vˆ1, vˆ2 yields
aˆout = aˆin+(coshrω − sinhrω)
(
vˆ†1− vˆ2
)
. (11)
In the limit of perfect entanglement between aˆi, aˆ j (rω → ∞),
then
aˆout = aˆin. (12)
In this limit, the effective channel between the input and out-
put is the identity. This protocol can be classified as quantum
teleportation because the only direct link between the input
and output is the classical channel through which the highly
amplified field propagates [29].
III. VACUUM ENTANGLEMENT IN (1+1)-DIMENSIONAL
QUANTUM FIELD THEORY
We now review the entanglement structure of the vacuum
state in (1+1)-dimensional quantum field theory. Consider a
massless, scalar field Φˆ which can be expanded in a plane
wave basis, given by
Φˆ(U,V ) =
∫
dk
(
aˆkluk(V )+ aˆkruk(U)+h.c
)
, (13)
where h.c denotes the Hermitian conjugate, and uk(V )(uk(U))
are left-moving (right-moving) single-frequency mode func-
tions [24]
uk(V ) =
1√
4pik
e−ikV (14)
uk(U) =
1√
4pik
e−ikU , (15)
where V = t + z and U = t− z are Minkowski light-cone co-
ordinates and k is the frequency of the mode with respect
to t. The single-frequency Minkowski operators aˆkl(aˆkr)
and aˆ†kl(aˆ
†
kr) satisfy standard bosonic commutation relations,
[aˆki,a
†
k′i′ ] = δi,i′δ (k− k′) and [aˆki, aˆk′i′ ] = 0, where i = l,r de-
notes the directionality. The single-frequency Unruh opera-
tors cˆω , dˆω are related to the Minkowski operator by
aˆkl =
∫
dω
(
Akω cˆωl + Bˆkω dˆωl
)
(16)
aˆkr =
∫
dω
(
Bkω cˆωr + Aˆkω dˆωr
)
, (17)
where
Akω = B?kω =
i
√
sinh(piω/a)
2pi
√
ωk
Γ(1− iω/a)
(
k
a
)iω/a
(18)
are the Bogoliubov transformation coefficients [3]. The Un-
ruh operators are a stepping stone between the Rindler and
Minkowski operators.
A. Rindler Wedges, Coordinates and Operators
Minkowski spacetime can be partitioned into four wedges
denoted (R), (L), (F) and (P), representing the right and left
Rindler wedges and the future and past light cones respec-
tively (Fig. 2) [24]. coordinates in these wedges are defined
FIG. 2. Rob, accelerating uniformly in the right Rindler wedge, in-
teracts with the Rindler wavepacket modes bˆIVg and bˆ
I
g in the blue
ellipse region. The classical channel is sent to the conformal receiver
Charlie, who mixes it with the right-moving Rindler modes bˆIIIg at
a beam splitter (graded ellipse), before transmitting the state to Al-
ice, in the Minkowski vacuum. The unitary evolution of the Rindler
modes is shown in Fig. 3.
as follows,
(F)
{
t = a−1eaη cosh(aζ )
z = a−1eaη sinh(aζ )
(19)
(P)
{
t =−a−1eaη¯ cosh(aζ¯ )
z =−a−1eaη¯ sinh(aζ¯ ) , (20)
where η , η¯ and ζ , ζ¯ are the conformal time and spatial coor-
dinates of observers restricted to the (F) and (P) light-cones
respectively, and
(R)
{
t = a−1eaξ sinh(aτ)
z = a−1eaξ cosh(aτ)
(21)
(L)
{
t =−a−1eaξ¯ sinh(aτ¯)
z =−a−1eaξ¯ cosh(aτ¯) , (22)
where τ, τ¯ and ξ , ξ¯ are the proper time and the spatial coordi-
nates of a uniformly accelerated observer with proper accel-
eration a in the (R) and (L) wedge respectively. In Fig. 2, the
conformal receiver Charlie is stationary according to an iner-
tial observer but operates a beam splitter with time-dependent
4reflectivity. Specifically, Olson et al. demonstrated in [8] that
an Unruh-deWitt detector whose energy gap is scaled contin-
uously as 1/at responds to the Minkowski vacuum identically
to one on an accelerated trajectory with fixed energy gap. By
using an analogously time-dependent, mode-selective beam
splitter, Charlie remains in the causal future of Rob, who is
uniformly accelerating, but can still interact with the same
modes as him. This proceeds by analytically extending the
(left-moving) Rindler mode functions in (R) into (P).
To see this, it is useful to introduce the Rindler analogues
to the light-cone coordinates, given by
(F) ν = η+ζ
(P) ν =−η−ζ
(R) χ = τ+ξ
(L) χ =−τ−ξ
µ = η−ζ
µ =−η+ζ
κ = τ−ξ
κ =−τ+ξ .
(23)
In the reference frame of a uniformly accelerated observer, the
field operator can be expanded in Rindler modes confined to
the (R) and (L) wedges of spacetime
Φˆ(U,V ) = ∑
X = R,L
∫
dω(bˆXωlg
X
ωl +h.c) (24)
where ω is the frequency defined with respect to the proper
time co-ordinate in the respective quadrant of Rindler space
and X denotes the region over which bˆω has support. Equiva-
lently, Φˆ can be expanded in the modes restricted to the future
(F) and past (P). For example, the left-moving mode functions
are
gRωl(χ) = (4piω)
−1/2e−iωχ (25)
gLωl(χ¯) = (4piω)
−1/2e−iωχ¯ (26)
with their analogues in the future and past given by,
gFωl(ν) = (4piω)
−1/2e−iων (27)
gPωl(ν) = (4piω)
−1/2e−iων . (28)
It can be easily shown that
gRωl(V ) = g
F
ωl(V ) = (4piω)
−1/2(aV )−iω/aΘ(V ) (29)
gLωl(V ) = g
P,α
ω (V ) = (4piω)
−1/2(−aV )iω/aΘ(−V ). (30)
Because gRωl(χ) and g
F
ωl(ν) are identical as functions of V , as
are gLωl(χ) and g
P
ωl(ν), the Bogoliubov coefficients relating
the Minkowski and Rindler modes in (R) and (L) are dupli-
cated in (F) and (P). Therefore the Rindler mode functions
can be extended across the Rindler horizons by a change of
coordinates. Using this property, one can define left-moving
mode functions which span the entirety of Regions II and
IV in Minkowski spacetime [8, 30], with their corresponding
bosonic operators given by
bˆIIω := bˆ
P
ωl = bˆ
L
ωl , (31)
bˆIVω := bˆ
R
ωl = bˆ
F
ωl , (32)
which have support over the entirety of Regions II and IV (see
Fig 2). For completeness, the following association for the
right-moving Rindler operators can also be made,
bˆIω := bˆ
L
ωr = bˆ
F
ωr, (33)
bˆIIIω := bˆ
P
ωr = bˆ
R
ωr. (34)
Thus, the left-moving sector of the field can be expanded as
follows [30]
Φˆ(V ) = ∑
χ = II,IV
∫ ∞
0
dω
(
bˆχωlg
χ
ωl(V )+h.c
)
. (35)
Demonstrating the presence of entanglement between the left-
moving modes in II and IV (analogously the right-moving
modes in I and III) is identical to the derivation for space-
like entanglement between (R) and (L) with a mere change of
labels: that is, (P), (L)⇒ II and (R), (F)⇒ IV (for the right-
movers, replacing (P), (R)⇒ I and (L), (F)⇒ III) [3, 8, 30].
This derivation is shown in detail in [8]. Eq. (31)-(34) imply
that the complete sets of right-moving modes in Regions I and
III and the left-moving modes in Regions II and IV are entan-
gled, in the same way that spacelike separated Rindler modes
in (R) and (L) and timelike separated conformal modes in (F)
and (P) are entangled. In the following analysis, we harness
this entanglement as the resource for teleportation between the
accelerated and stationary observers.
IV. QUANTUM CIRCUIT MODEL
The quantum circuit model is a nonperturbative approach
to describing interactions between observers in relativistic,
non-inertial reference frames and quantum fields [24, 25]. It
describes these interactions as the Heisenberg evolution of
Unruh operators (cˆωi, dˆωi) into Rindler operators (bˆ
χ
ωi), and
back into Unruh operators, which can then be detected as
Minkowski modes according to Eq. (16). The basis transfor-
mation between the Unruh and Rindler operators is defined
in [24] and is essentially two-mode squeezing, the ‘source’ of
entanglement.
The circuit in Fig. 3 imposes the all-optical teleportation
protocol into the reference frames of accelerated Rob and
conformal Charlie. We consider interactions with localised
wavepacket modes in the accelerated (and conformal) frames,
described by the operator
bˆχg ≡
∫ ∞
0
dω g(ω)bˆχω , (36)
where g(ω) assumes a Gaussian profile. The circuit diagram
illustrates transformations of many single-frequency modes
and the corresponding interaction in the accelerated frame as
acting on a single, localised wavepacket mode, in the con-
tinuum limit. For the unitary interaction Uˆg with an arbi-
trary Rindler wavepacket g(ω), there exist a complete set of
wavepackets g⊥,i(ω) orthogonal to g(ω) which do not inter-
act with Uˆg. Thus, the single-frequency Rindler operators can
5FIG. 3. Quantum circuit for teleportation between the acceler-
ated sender and conformal receiver. The time-dependent interaction
mixes different single-frequency Rindler modes, and the coloured
lines identify Rindler modes confined to different regions of space-
time (these match Fig. 2). The accelerated observer creates the signal
using Dˆg(α,β ), amplifies this through Sˆ2,g(r), before the conformal
receiver attenuates it using a beam splitter, UˆBS,g. The classical chan-
nel is denoted by the dashed line.
be decomposed into an ‘interacting’ and ‘noninteracting’ part
[31],
bˆχω = g?(ω)bˆχg +∑
i
g⊥,i(ω)bˆ
χ
g⊥,i. (37)
Acting Uˆg on a single-frequency Rindler operator yields
bˆχ ′ω = Uˆ†g bˆ
χ
ωUˆg = bˆ
χ
ω +g?(ω)
(
Uˆ†g bˆ
χ
g Uˆg− bˆχg
)
, (38)
from Eq. (37). Using the relations between the single-
frequency Unruh and Rindler operators [24] and Eq. (37) and
(38), we obtain the following expressions for the output left-
moving Unruh operators [25]
cˆ′ωl = cˆωl +g
?(ω)coshrω
(
Uˆ†g bˆ
IV
g Uˆg− bˆIVg
)
(39)
dˆ′ωl = dˆωl−g(ω)sinhrω
(
Uˆ†g bˆ
IV†
g Uˆg− bˆIV†g
)
. (40)
where rω = arctanh e−piω/a is the two-mode squeezing fac-
tor. Alice reconstructs the Minkowski modes from cˆ′ωl , dˆ
′
ωl .
In Fig. 3, Dˆg(α,β ) = Dˆg(β )Dˆg(α) where Dˆg(α) imposes a
strong local oscillator to the classical signal β , prepared and
teleported by Rob, which is an important feature of the self-
homodyne detection model which we employ.
A. Self-Homodyne Detection
Since the teleported state is unknown to the inertial ob-
server, we model them as operating an infinite bandwidth de-
tector that integrates over all Minkowski modes,
Nˆ =
∫ ∞
−∞
dk aˆ†k aˆk. (41)
This approximates a physical detector that captures a finite
range of frequencies much larger than the spread of frequen-
cies of the signal [25, 32]. By displacing the input Rindler
mode by a strong local oscillator characterised by the com-
plex amplitude α = |α|eiφ , the quadrature amplitudes of the
input field now exhibit phase-dependent oscillations,
Xˆ(φ) = aˆe−iφ + aˆ†eiφ , (42)
where φ is the phase of the displacement in phase space. In
the limit where |α|  1, Nˆ(φ) can be approximated as
Nˆ(φ)' |α|2+ |α|(β +β ?). (43)
The quadrature operator can be written as
〈Xˆ(φ)〉 ' 〈Nˆ(φ)〉−〈Nˆ0〉√
〈Nˆ0〉
, (44)
where 〈Nˆ0〉 is the average number of photons when no signal
β , is imposed. The variance of the quadrature amplitude is
[25, 32]
(∆X(φ))2 =
〈Nˆ2(φ)〉−〈Nˆ(φ)〉2
〈Nˆ0〉
=
(∆N(φ))2
〈Nˆ0〉
, (45)
where ∆N(φ) is the variance in the photon number according
to the inertial detector. Conveniently, the purity of Gaussian
states is quantified by Eq. (45), the criterion for which is that
the product of the φ = 0 and φ = pi/2 quadrature variances is
equal to unity [33].
V. ANALYTIC RESULTS
In the following analysis, we consider the teleportation of
the following states from the accelerated frame:
(a) a displaced Minkowski vacuum state (a displaced ther-
mal state in the Rindler observer’s frame, acting as a
classical signal) created by displacing bˆIVg with Dˆg(β )
(Fig. 3), and
(b) a squeezed thermal state (a quantum signal) generated
by single-mode squeezing the input Rindler mode bˆIVg ,
and determine their purity according to Alice. For (a), an
ideal teleportation protocol should result in Alice detecting
a pure coherent state. We expect this from the result in [25],
which found that direct transmission of the Rindler-displaced
Minkowski vacuum was detected as a pure coherent state ac-
cording to an inertial Minkowski observer.
6A. Displaced Thermal State
From Fig. 3, bˆIVg evolves under the action of the unitary
Uˆg = UˆBS,gSˆ2,gDˆg(α,β ) as
bˆIVg
′ = bˆIVg + bˆ
III†
g tanhr− bˆIg
√
1− (coshr)−2+α+β , (46)
where α characterises the strong local oscillator, and β (with
|β |  |α|) creates the displaced state which we analyse. Us-
ing Eq. (38) and assuming the limit of strong amplification
of the field through the classical channel (r 1) the output
single-frequency Rindler operator takes the form
bˆIVω
′ ' bˆIVω +g?(ω)
(
bˆIII†g − bˆIg+α+β
)
. (47)
Since the left-moving modes originating in the past light cone
do not interact with Uˆg, then bˆIIg
′ = bˆIIg . From Eq. (47) we
find that Charlie, in the conformal reference frame, sees an
approximation of the original state, which becomes better as
the acceleration increases. This becomes evident after decom-
posing the Rindler operators into their constituent Unruh op-
erators and assuming g?(ω) = g(ω), such that,
bˆIVω
′ ' bˆIVω +g(ω)
[
ϕcs(dˆ†ω ′r− cˆω ′r)+α+β
]
, (48)
where
ϕcs =
∫
dω ′ g(ω ′)
(
coshrω ′ − sinhrω ′
)
, (49)
which vanishes in the limit of infinite acceleration. Eq. (48)
is formally equivalent to Eq. (11) for the static case. In the
limit of infinite acceleration, the right-moving Rindler modes
become perfectly entangled, reducing the output Rindler op-
erator to an identical reconstruction of the input displaced by
the amplitude g(ω)(α + β ). Therefore in the limit of infi-
nite acceleration, our model predicts the ideal teleportation of
states sent between the uniformly accelerated sender in the
right Rindler wedge and the conformal receiver restricted to
the future. We note however, that for large accelerations, the
state becomes increasingly thermalised.
We now consider the purity of the output state according
to an inertial observer with access to the entire Minkowski
spacetime, which requires a transformation of the Rindler op-
erators into Minkowski operators. Applying Eq. (39) and (40)
to the output Rindler operators yields
cˆ′ωl = cˆωl +g(ω)coshrω
(
bˆIII†g − bˆIg+α+β
)
(50)
dˆ′ωl = dˆωl−g(ω)sinhrω
(
bˆIIIg − bˆI†g +α?+β ?
)
. (51)
Eq. (41) for the Minkowski photon number operator simplifies
to
Nˆ =
∫
dω
(
cˆ†′ωl cˆ
′
ωl + dˆ
†′
ωl dˆ
′
ωl
)
, (52)
where we have used the identities
∫
dkAkωA?kω ′ = δ (ω −ω ′)
and
∫
dk AkωAkω ′ = 0. Similarly, the square of the number
operator is
Nˆ2 =
∫
dω
∫
dγ
(
c†′ωlc
′
ωl +d
†′
ωld
′
ωl
)(
c†′γlc
′
γl +d
†′
γld
′
γl
)
. (53)
By computing the relevant vacuum expectation values of the
products of output Unruh operators, the quadrature variance
of the output state detected by Alice is found to be (details in
Appendix A)
(∆X)2 = 2Ics
(Ic+Is)︸ ︷︷ ︸
Thermal noise
+ 1︸︷︷︸
QNL
(54)
where
Ic =
∫
dω g(ω)2 cosh2 rω (55)
Is =
∫
dω g(ω)2 sinh2 rω (56)
Ics =
∫
dω g(ω)2
(
coshrω − sinhrω
)2
. (57)
In the limiting case where g(ω) is a narrow bandwidth Rindler
mode (σ  ω0), the quadrature variance reduces to
(∆X)2 ' (1+ exp(−4r0))+1. (58)
For ω0/a 1, the non-inertial (Charlie and Rob) observers
are effectively reduced to a static, inertial frame. As shown
in Fig. 4, this occurs in the limits a → 0 with fixed ω0
(smaller accelerations) or ω0  1 with fixed a. In the latter
case, the non-inertial observers interact with sufficiently high-
frequency modes such that they are surrounded by vacuum
(due to the exponentially decaying tail of the Planck spec-
trum). The input Rindler modes remain independent, so that
two additional QNL are added to the output state, analogous
to Eq. (8). As ω0/a→ 0, the right-moving resource modes be-
FIG. 4. (∆X)2 for the teleported state as detected by Alice in the
Minkowski vacuum, as a function of the acceleration. The individual
lines represent ω0 = 0.5,1.0, . . . ,3.5 (increasing from blue to yel-
low).
come perfectly entangled. Curiously, the output state detected
by the inertial Minkowski observer is not pure, but carries at
best, an extra unit of QNL above the Heisenberg limit of unity.
Even for a perfect entanglement resource, the state appears
mixed according to the inertial observer, despite a reduction
below the classical limit.
7To understand this behaviour, we notice that Eq. (54) con-
tains a thermal noise term in addition to the single QNL that
originates from the Rindler mode displaced by Rob and tele-
ported to Charlie. It was found in [25] that the direct transmis-
sion of a displaced Rindler mode from the accelerated refer-
ence frame was detected as a pure coherent state according to
an inertial Minkowski observer. Comparatively, the thermal
noise term in Eq. (54) approaches one (an additional QNL)
rather than vanishing in the limit of infinite acceleration, since
the output Rindler mode only reconstructs the input identi-
cally at infinite acceleration. Hence, whilst the noise terms
from the right-moving vacuum modes become increasingly
suppressed with increasing acceleration (due to stronger en-
tanglement between the resource modes bˆIg, bˆ
III
g ), they are si-
multaneously amplified due to the increasing thermalisation
of the Unruh effect. These competing effects fortuitously bal-
ance one another, resulting in (for the ideal case of infinite
acceleration) an additional QNL to the output state.
B. Squeezed Thermal State
To examine the evolution of nonclassical states through the
teleportation protocol, we apply single-mode squeezing to the
initial state prepared in the accelerated reference frame. We
are also interested in how the teleported state is affected by
the so-called decoherence effects found previously in [25, 32].
As before, we derive the output single-frequency Rindler op-
erators, given by
bˆIVω
′ = bIVω +g(ω)
(
bIVg (coshrs−1)
+bIV†g sinhrs+b
I†
g −bIIIg +α
)
, (59)
where now Uˆg = UˆBSSˆ2,g(r)Sˆ1,g(rs)Dˆg(α) and Sˆ1,g(rs)
squeezes the Rindler vacuum. It is straightforward to show
that the output Unruh operators are
cˆ′ωl = cˆωl +g(ω)coshrω
(
bˆIVg (coshrs−1)
+ bˆIV†g sinhrs+ bˆ
III†
g − bˆIg+α
)
(60)
dˆ′ωl = dˆωl−g(ω)sinhrω
(
bˆIV†g (coshrs−1)
+ bˆIVg sinhrs+b
III
g − bˆI†g +α?
)
. (61)
Performing a similar calculation to the previous case, we find
that the quadrature variance of the state detected by the inertial
Minkowski observer is given by,
(∆X(φ))2 = 2Ics
(Ic+Is)︸ ︷︷ ︸
Thermal noise
+ ∆(φ)︸︷︷︸
Decoherence
, (62)
where
∆(φ) = cosh2rs+4Ic(Ic−1)(cosh2rs−2coshrs+1)
+2sinhrs
[
(2Ic−1)2 coshrs−4Ic(Ic−1)
]
cos(2φ).
(63)
The maximum and minimum quadrature variances correspond
to the phases φ = 0,pi/2,
(∆X(0))2 = 2Ics(Ic+Is)+∆(0) (64)
(∆X(pi/2))2 = 2Ics(Ic+Is)+∆(pi/2) (65)
where
∆(0) = e2rs +4Ic(Ic−1)(ers −1)2 (66)
∆(pi/2) = e−2rs +4Ic(Ic−1)(e−rs −1)2. (67)
Eq. (62) reveals two competing factors affecting the purity of
the output state. The first is the thermal noise term found pre-
viously for the displaced Rindler vacuum state prepared and
teleported by Rob, which is uncorrelated from the noise of the
signal itself. The second is the decoherence term ∆(φ) which
also appeared in [25] for a squeezed state sent from the accel-
erated frame to an inertial observer. There, it was concluded
that such terms arise from the transformation of the bipartite
Hilbert space of the Rindler and Unruh modes to the single
Hilbert space of the Minkowski modes. This leads to a loss of
phase information in the Unruh modes when computing the
Minkowski particle number and the observed decoherence ac-
cording to inertial detectors. Fig. 5 shows that for small a,
FIG. 5. Contributions to (∆X)2 for the squeezed thermal state as
detected by the inertial observer in the Minkowski vacuum, with rs =
0.5,ω0 = 1. The decoherence terms dominate for large a.
the strengthening of entanglement between the Rindler modes
reduces the noise on the output state, but as a increases, the
Unruh effect becomes significant and the variances grow un-
bounded. We conclude that the purity of the output state ac-
cording to Alice, in the Minkowski vacuum, is affected by
1. the thermal noise term, which encodes within it the
competing suppression and amplification effects dis-
cussed previously, and
2. the squeezing of the input Rindler mode, the source of
the decoherence terms first found in [25].
8VI. CONCLUSION
The decoherence of quantum states prepared in an acceler-
ated reference frame and detected by inertial observers has
been studied previously [25, 32]. In [25], the authors ar-
gue that any interaction that leads to entanglement between
the Unruh modes, as occurs for the squeezed Rindler vacuum
state, appears as decoherence according to the measurements
of inertial observers, whilst classical signals do not produce
such entanglement. Nevertheless, we found that the displaced
Rindler vacuum state prepared and teleported by Rob was still
polluted by additional thermal noise terms according to the
inertial Minkowski observer. We attributed this additional de-
coherence to the fact that the output state teleported to Charlie
only becomes an identical reconstruction of the input at infi-
nite acceleration, which is nullified by the opposing thermali-
sation effects of Unruh radiation in this limit.
As is evident from the simplicity of our calculations, the
quantum circuit model presents a powerful tool for analysing
quantum information protocols in relativistic, non-inertial set-
tings, possessing some advantages over previous models. A
prominent one is that the model is nonperturbative, which
allows the evolution of quantum fields to be described by
unitary operations. It is also a natural setting to analyse
continuous-variable protocols where only discrete-variable
versions have been studied, and these can be straightforwardly
mapped to quantum optical contexts. An immediate exten-
sion to this work would be to implement other entanglement-
based protocols using the quantum circuit model, such as
continuous-variable dense coding [34, 35], quantum energy
teleportation [36–40] and quantum key distribution [17].
VII. ACKNOWLEDGEMENTS
This research is supported by the Australian Research
Council (ARC) under the Centre of Excellence for Quan-
tum Computation and Communication Technology (Grant No.
CE170100012).
Appendix A: Rindler-Displaced Minkowski Vacuum State
In the main text, we derived expressions for the output Unruh operators, given by
cˆ′ωl = cˆωl +g(ω)coshrω
[
ϕcs
(
cˆ†ω ′r− dˆω ′r
)
+α+β
]
(A1)
dˆ′ωl = dˆωl−g(ω)sinhrω
[
ϕcs
(
cˆω ′r− dˆ†ω ′r
)
+α?+β ?
]
. (A2)
We can conveniently express these as
cˆ′ωl = αg(ω)coshrω + cˆ
′′
ωl (A3)
dˆ′ωl =−α?g(ω)sinhrω + dˆ′′ωl (A4)
where c′′ω and d′′ω are terms not multiplied by |α|. The Unruh particle numbers can thus be calculated using
c†′ωlc
′
ωl = |α|2g2(ω)cosh2 rω + |α|g(ω)coshrω
[
eiφc†′′ωl + e
−iφc′′ωl
]
(A5)
d†′ωld
′
ωl = |α|2g2(ω)sinh2 rω −|α|g(ω)sinhrω
[
e−iφd†′′ωl + e
iφd′′ωl
]
(A6)
where we have neglected terms not multiplied by |α|  1. The vacuum expectation value of the particle number is thus
〈0|Nˆ|0〉= |α|2(Ic+Is). (A7)
The relevant expectation values in 〈0|Nˆ2|0〉 are
〈0|c′′ωlc†′′γl |0〉= δ (ω− γ)+g(ω)g(γ)coshrω coshrγI ′cs (A8)
〈0|c†′′ωlc′′γl |0〉= g(ω)g(γ)coshrω coshrγI ′cs (A9)
〈0|d′′ωld†′′γl |0〉= δ (ω− γ)+g(ω)g(γ)sinhrω sinhrγI ′cs (A10)
〈0|d†′′ωld′′γl |0〉= g(ω)g(γ)sinhrω sinhrγI ′cs (A11)
〈0|c′′ωld′′γl |0〉=−g(ω)g(γ)coshrω sinhrγI ′cs (A12)
〈0|c†′′ωld†′′γl |0〉=−g(ω)g(γ)coshrω sinhrγI ′cs (A13)
〈0|d′′ωlc′′γl |0〉=−g(ω)g(γ)sinhrω coshrγI ′cs (A14)
〈0|d†′′ωlc†′′γl |0〉=−g(ω)g(γ)sinhrω coshrγI ′cs (A15)
9where I ′cs =
∫
dω ′g2(ω ′)(coshrω ′ − sinhrω ′)2. The terms in 〈0|Nˆ2|0〉 are
〈0|cˆ†′ωl cˆ′ωl cˆ†′γl cˆ′γl |0〉= |α|2g2(ω)g2(γ)coshrω coshrγ
[
δ (ω− γ)+2I ′cs coshrω coshrγ
]
(A16)
〈0|dˆ†′ωl dˆ′ωl dˆ†′γl dˆ′γl |0〉= |α|2g2(ω)g2(γ)sinhrω sinhrγ
[
δ (ω− γ)+2I ′cs sinhrω sinhrγ
]
〈0|cˆ†′ωl cˆ′ωl dˆ†′γl dˆ′γl |0〉= 2|α|2g2(ω)g2(γ)cosh2 rω sinh2 rγI ′cs (A17)
〈0|dˆ†′ωl dˆ′ωl cˆ†′γl cˆ′γl |0〉= 2|α|2g2(ω)g2(γ)sinh2 rω cosh2 rγI ′cs, (A18)
where we have left out the terms fourth order in |α|, since they are subtracted away by the 〈0|Nˆ|0〉2 term in the variance. Adding
these terms together, integrating with respect to ω,γ and normalising by the strength of the local oscillator |α|2(Ic +Is) yields
Eq. (54).
Appendix B: Rindler-Squeezed Minkowski Vacuum State
Like the displaced thermal state, we derived expressions for the output Unruh operators, given by
cˆ′ωl = cˆωl +g(ω)coshrω
[
(coshrs−1)
∫
dω ′ g(ω ′)
(
coshrω ′ cˆω ′l + sinhrω ′ dˆ
†
ω ′l
)
+ sinhrs
∫
dω ′g(ω ′)
(
coshrω ′ cˆ
†
ω ′l + sinhrω ′ dˆω ′l
)
+ϕcs(cˆ†ω ′r− dˆω ′r
)
+α
]
(B1)
dˆ′ωl = dˆωl−g(ω)sinhrω
[
(coshrs−1)
∫
dω ′g(ω ′)
(
coshrω ′ cˆ
†
ω ′l + sinhrω ′ dˆω ′l
)
+ sinhrs
∫
dω ′g(ω ′)
(
coshrω ′ cˆω ′l + sinhrω ′ dˆ
†
ω ′l
)
+ϕcs
(
cˆω ′r− dˆ†ω ′r
)
+α?
]
. (B2)
〈0|Nˆ|0〉 is the same as previously derived. As before, the relevant expectation value for the products of Unruh operators are
〈0|c′′ωlc′′γl |0〉= g(ω)g(γ)coshrω coshrγψcc (B3)
〈0|c†′′ωlc†′′γl |0〉= g(ω)g(γ)coshrω coshrγψcc (B4)
〈0|c′′ωlc†′′γl |0〉= δ (ω− γ)+g(ω)g(γ)coshrω coshrγ φ¯cc (B5)
〈0|c†′′ωlc′′γl |0〉= g(ω)g(γ)coshrω coshrγφcc (B6)
〈0|d′′ωld′′γl |0〉= g(ω)g(γ)sinhrω sinhrγψdd (B7)
〈0|d†′′ωld†′′γl |0〉= g(ω)g(γ)sinhrω sinhrγψdd (B8)
〈0|d′′ωld†′′γl |0〉= δ (ω− γ)+g(ω)g(γ)sinhrω sinhrγ φ¯dd (B9)
〈0|d†′′ωld′′γl |0〉= g(ω)g(γ)sinhrω sinhrγφdd , (B10)
where
ψcc = sinhrs
[
(coshrs−1)(I ′c+I ′s)+1
]
(B11)
φcc = (coshrs−1)2I ′s+ sinh2 rsI ′c+I ′cs (B12)
φ¯cc = 2(coshrs−1)+(coshrs−1)2I ′c+ sinh2 rsI ′s+I ′cs (B13)
ψdd = sinhrs
[
(coshrs−1)(I ′c+I ′s)−1
]
(B14)
φdd = (coshrs−1)2I ′c+ sinh2 rsI ′s+I ′cs (B15)
φ¯dd =−2(coshrs−1)+(coshrs−1)2I ′s+ sinh2 rsI ′c+I ′cs (B16)
with I ′c =
∫
dω ′g2(ω ′)cosh2 rω ′ and I ′s =
∫
dω ′g2(ω ′)sinh2 rω ′ . For the cross-terms, we have
〈0|c′′ωld′′γl |0〉=−g(ω)g(γ)coshrω sinhrγ
[
φ¯cc− (coshrs−1)
]
〈0|c†′′ωld†′′γl |0〉=−g(ω)g(γ)coshrω sinhrγ
[
φ¯dd +(coshrs−1)
]
〈0|d′′ωlc′′γl |0〉=−g(ω)g(γ)sinhrω coshrγ
[
φ¯dd +(coshrs−1)
]
〈0|d†′′ωlc†′′γl |0〉=−g(ω)g(γ)sinhrω coshrγ
[
φ¯cc− (coshrs−1)
]
〈0|c′′ωld†′′γl |0〉=−g(ω)g(γ)coshrω sinhrγγcd
〈0|c†′′ωld′′γl |0〉=−g(ω)g(γ)coshrω sinhrγγcd
〈0|d′′ωlc†′′γl |0〉=−g(ω)g(γ)sinhrω coshrγγcd
〈0|d†′′ωlc′′γl |0〉=−g(ω)g(γ)sinhrω coshrγγcd
(B17)
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where γcd = (coshr−1)sinhr(Ic+Is). Thus, the relevant terms in 〈0|Nˆ2|0〉 are
〈0|cˆ†′ωl cˆ′ωl cˆ†′γl cˆ′γl |0〉= |α|2g2(ω)g2(γ)coshrω coshrγ
[
δ (ω− γ)+2φ¯cc coshrω coshrγ +2cos(2φ)coshrω coshrγψcc
]
〈0|dˆ†′ωl dˆ′ωl dˆ†′γl dˆ′γl |0〉= |α|2g2(ω)g2(γ)sinhrω sinhrγ
[
δ (ω− γ)+2φ¯dd sinhrωl sinhrγ +2cos(2φ)sinhrω sinhrγψdd
]
〈0|cˆ†′ωl cˆ′ωl dˆ†′γl dˆ′γl |0〉= |α|2g2(ω)g2(γ)cosh2 rω sinh2 rγ
[
φ¯cc+ φ¯dd +2cos(2φ)γcd
]
〈0|dˆ†′ωl dˆ′ωl cˆ†′γl cˆ′γl |0〉= |α|2g2(ω)g2(γ)sinh2 rω cosh2 rγ
[
φ¯cc+ φ¯dd +2cos(2φ)γcd
]
. (B18)
As before, we add these terms together and integrate over ω,γ to obtain the photon number variance. After normalising by the
strength of the local oscillator, we obtain Eq. (62).
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